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Abstract

Let M., M TEpresent k (> 2) independent populations. The
quality of the ith population m is characterized by a real-valued
parameter Gi, usually unknown. We define the best population in terms
of a measure of separation between ei's. A selection of a subset con-
taining the best population is called a correct selection (CS). We
restrict attention to rules for which the size of the selected subset
is controlled at a given point and the infimum of the probability of
correct selection over the parameter space is maximized. The main theorem
deals with aonstruction of an essentially complete class of selection rules
of the above type. Some classical subset selection rules are shown to

belong to this class.

Key Words
Subset selection procedure, monotone likelihood ratio, monotone

selection rule, normal means problem, unequal sample sizes.
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An Essentially Complete Class of Multiple
Decision Procedures*

by

Shanti S. Gupta, Purdue University
and

Deng-Yuan Huang, Academia Sinica, Taipie, Taiwan

During the past decade, selection and ranking theory has developed
rapidly. Many reasonable rules have been proposed. Some good properties
have been studied. However, very little work has been done to consider the
optimality of a selection procedure, especially in the subset selection
approach. In this paper, we discuss an essentially complete class of subset
selection rules (in some sense). Some classical selection rules are shown to
be optimal in this sense. L

Let My s+-+» M Tepresent k (> 2) independent populations and let

Xjpreoor¥yy
1

be n, independent random observations from - The quality
of the ith population T is characterized by a real-valued parameter §, ;

usually unknown. Let Q = {gjg = (el,...,ek)} denote the whole parameter
space. Let Tij = rij(gj be a measure of separation between T and Tj'
We assume that there exists a monotone non-increasing function h such

that Tji = h(Tij). Let Q = {gjrij >t..5 J#1}, 1 < i < k. In this sequel,

—ii

we assume T, @S known, 1 <1i<k., Let Ty # M T = 152 o oK
j#i

Assume that there exists an i such that T > LITE Thus we know that

&= U Q. We define t* = max T,+ The population associated with t*

i=1 L
will be called the best population. We know that if 0 € Qi’ then TS is

*This research was supported by the Office of Naval Research Contract
N00014-75-C-0455 at Purdue University. Reproduction in whole or in
part is permitted for any purpose of the United States Government.
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the best population. A selection of a subset containing the best population

is called a correct selection (CS).

We will restrict attention to those selection procedures which depend
upon the observations only through a sufficient and maximal invariant
statistic Zij which is based on the n, and nj observations from L and “j
(i,j=1,2,...,k), respectively. It is well known that the distribution of
Zij depends only on Tij. For any i, let the joint denstiy of Zij’ j #1i,
be pg(gi). Let py(z;) be denoted by p,(z;) when T ) = ... = T, = i
where z; = (zil"'"zi,i-l’zi,i+1"'"zik)’ 1<i<k. Let Fg.be the
continuous cumulative distribution function of pe(g) for any 6 and let
pi(zij]zu,z # i,j) be the conditional pdf of zi;_, given Z,, =z, i

2#1,j and let Fi(zij 2#£i,j) be the cdf of the conditional density

IR
pi(zijlzil’ 2#1,j). Let F(y) be any point of the set {z: Fi(zlzig, L#i) = y}.
Let 6§ = (61,...,6k) be a selection procedure where 61(3) is the prob-

ibility of selecting m., 1 < i < k, having observed z. Let S(8,6) =

-

P(CS|8) and R(8,8) = E R'(0,6.), where R'(8,6.) = [6.(z.)p.(z.)dv(z.).
; = inl S, =1 Lo 0= =]
i AR TN Yk
Let Rj(éi) = f&i(gi)pi(zij|ziz,2#1,3)dzij, 1 <i#j<k. Adecision rule

61 = (611,...,61k) is said to be '"as good as" 62 = (621,...,62k)if
inf S(6,6,) > inf S(8,8,) provided that [6..p. = v., 1 <j <k, i=1,2,

where Yj’ (0 < Yj < 1), are specified numbers. Let C be the class of
o such that f&ipi = %o 1x3% <k

A point x, is called a change point for a function g if in some

0

neighborhood of x

0’

g(x)g(x*) <0,

whenever x < Xy < x*, and for some X <X f_xf, g(xl) # 0 and g(xf) #0

with Xy # xI.




Karlin and Rubin (3] have proved the following result.
Lemma ([3]). If ¢ changes sign at most once in one-dimensional

Euclidean space Rl, then

v(w) = fp(x|w)¢(x)du(x)

changes sign at most once, where p is a o-finite measure on R1 and

p(xlw) is the density of X with monotone likelihood ratio (MLR) in w.
Remark: It is useful to note that y changes sign in the same direction as
¢ if it changes sign at all.

Now we define a '"monotone'" selection rule as follows.

Definition: A selection rule § is called monotone if for any i, Gi(!)

is monotone as follows:
1 if 5_3_50,

§.(2) =
o 0 otherwise,

where 2 is a fixed known vector and ""<"" is a partial order defined as

follows: if X = (xll,...,xlm) and X, = (x21,...,x2m), then X = Xy

X . 8 X, for d

1i 2i Lyv oyt

Theorem: Let Fe be the continuous cumulative distribution function corres-

vonding to pe(i) which has monotone likelihodd ratio. Then all monotone

selection procedures form an essentially complete class in C.

Proof: Let & be any nonmonotone rule in C. Suppose that there is an i,
such that 61 is not monotone in zij for fixed zil, 2#i,j. For each fixed

zil(lfi,j), we define

SRS ————




. o i
1 if zij 3_fi(1-Rj(6i)),

82(z.) =
3 G 0 -

then

(1) fG?p.dz.. = . pedz. .
11743 F;(I-R;(Gi)) 1 i)

: p.(z..
° i it7ij
F; Rj (Gi))
Since 87 is monotone in z.., thus 6. - §° is as a function of z.. has at
i ij i i ij

most one sign changes from plus to minus. Using this fact, the MLR property

of pe(gi) and Lemma, we have

(2) [[esi - Gi]pg(ii)dzij <0, T 2Ty

Thus from (1) and (2), 6° has the same conditional size as § and has higher

conditional power than 6 as follows

o S 2la
(3) fsigg_i f6igg for STREAITE ¥l ks 3o

Since
inf $(8,6) = min inf fs.p.(z;)dv(z,),
ECY 1<i<k ben, -

bence by (3),

inf S(8,8) < inf S(8,5°).
0€Q o€

The proof is complete.

|23002#2,5)P(2; 5, 441,30 dz 5 =[6,p; (z5)dz, .

s i S




Example: Let xil""’xin. be independent normally distributed with mean
ei and variance 02 =1, i=1,2,...,k. Then the joint likelihood function

of 2., 1 <1<k, is

i
k -
gg(x) = T g, (x,),
= j=1 =
- 2 1i
/n, -—(x.-6.) i
where g ()‘()=—le7 i =1 g L Let 1.. =6, -0
9& 1 o 1 ni =1 ig ij i Jj
1 <j<k; i T 0, 1 <ic<k, and zij = Xi - xj, j#i. Then for any i,
1 ifz, >d.,
68zl
AT 0 otherwise,
where gi = (dil”'"di,k-l’di,k+1"'"dik)' Equivalently,

j#i H

0 otherwise.

1 if X, > max (X, + d..)
4 85(x) { : ;

We know that

P(X.

4 2 max (Xj + dij))

j#i

is nondecreasing in ei and nonincreasing in ej, j=1,...,k, j#i. In this
case the, the monotone selection rule also has the above property of
monotone behavior in terms of the selection probability. This monotone
property is the same as used in the definition of the usual selection
procedures. It should be pointed out that when all dij's are negative,
the monotone selection procedure §° = (6°,...,6;) given in (4) is the
usual Gupta type procedure (cf. [1]) to select a subset containing the

best population associated with the largest population associated with

the largest ei's as follows:




.
fagiine o ddaide it

1 if ii-: max (x. - (-d;:)),
§3(x) = " T 1<j<k :
it : ™

0 otherwise.

Gupta and Huang [2] have studied the selection rule for the k normal
means problem with a common known variance 02 based on samples of

unequal sizes. In their solution the monotone rules are given by
i = dad s &% day
ij n; "j

B T PR

O —




References

[1] Gupta, S. S. (1965). On multiple decision (selection and ranking)
rules. Technometrics 7, 225-245.

[2] Gupta, S. S. and Huang, D. Y. (1976). Subset selection procedures
for the means and variances of normal populations: unequal sample '
sizes case. Sankhya, 38, Ser. B, 112-128.

E [3] Karlin, S. and Rubin, H. (1956). The theory of decision procedures
i for distributions with monotone likelihood ratio. Ann. Math. Statist.
1 27, 272-245,

S

T T T A " 3l e

R AT RS AR o B Ta DTS D R Ve




REPORT DOCUMENTATION PAGE BENIEE Pl ETaC TOm

. REPO! NUM 2. GOVY ACCESSION NO.| 3. RECIPIENT'S CATALOG NUMBER
Mimeograph Series #78-12 *
4. TITLE (and Subtitle) 8. TYPE OF REPORT & PERIOD COVERED

An Essentially Complete Class of Multiple

i nical
Decision Procedures Technica

6. PERFORMING ORG. REPORT NUMBER

Mimeo. Series #78-12

[7. AUTHOR(a) ®, CONTRACT OR GRANT NUMBER(s)
Shanti S. Gupta and Deng-Yuan Huang ONR NOOO14-75-C-0455
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. ::ggn‘ugozkxznsrjnl:‘:;gcr TASK |

Purdue University
Department of Statistics |
West Lafayette, IN 47907

1. CONTROLLING OFFICE NAME AND ADDRESS 12. REPORT DATE

June, 1978

Office of Naval Research |
Nashington, DC 13. NUM;EROF PAGES

i MONITORING AGENCY NAME & ADDRESS(1f ditterent from Controlling Office) 15. SECURITY CLASS. (of this report)

Unclassified

Sa. DECLASSIFICATION/ DOWNGRADING
SCHEDULE

16. DISTRIBUTION STATEMENT (of this Report)

Approved for public release, distribution unlimited.

17. DISTRIBUTION STATEMENT (of the abstract entered in Block 20, i different from Report)

18. SUPPLEMENTARY NOTES

19. KEY WORDS (Continue on reverse side if necessary and identify by block number)
Subset selection procedure, monotone 1ikelihood ratio, monotone selection

rule, normal means‘froblem unequal sample sizes.

T
o gub P su.‘o pe vy S es .ot

20. ABSTRACT (Continue on reverse side If necessary and identify by dlock number)

Let f),...,nk\represent k Q§>2) independent populations. The quality of
the ith populationxfﬁ is characterized by a real-valued parameter‘@}, usually
unknown. +He define the best population in terms of a measure of separation
between ey‘s. A selection of a subset containing the best population is called

a correct selection (CS). -!2>ggstrict attention to rules for which the size of

DD . uu 72 1473  Eoimion oF 1 Nov 68 18 oBsoLETE Unclassified ok pe

$/N 0102-014- 6601 | TN T e vy T—w:rre W
SECURITY CLASSIFICATION OF THIS PAGE (When Date =

R



" S Gu
LLLURITY CLASSIFICATION OF THIS PAGE(When Data Entered) !

[/""

the selected subset is controlled at a given point and the infimum of the
probability of correct selection over the parameter space is maximized. The
main theorem deals with construction of an essentially complete class of
selection rules of the above type. Some classical subset selection rules are
shown to belong to this class.

W

Unclassified

SECURITY CLASSIFICATION OF THIS PAGE(When Data Entered)




